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Abstract: To reduce the sediment transport capacity, shear stress needs to be reduced as well. The article describes
work that has been done to find a way to make these reductions possible. The theoretical study and the approach
proposed allowed us to obtain a general equation that determines conditions and calculates the most important
parameters which support the reduction of shear stress. This describes the mechanism that erodes soils by free surface
water flow.
In a similar vein, we have shown that adding a short non-prismatic channel to the entrance of a prismatic
channel, which has the same geometric shape, is a very powerful way to reduce shear stress. With the idea of reducing
shear stress, we have shown that the water-surface profile type plays a key role and must therefore be included in future
reflections on reducing the importance of shear stress.
Additionally, the notion of efficiency was introduced that allows to evaluate the expected gain after the reduction
of shear stress and adding a short non-prismatic channel.
The laws of similarity applied to free surface flows allowed us to obtain an equation with several equivalence scales
and compare different geometric shapes in terms of their efficiency in the reduction of shear stress.
Keywords: detachment, non-prismatic channel, shear stress, soil erosion, transport capacity

INTRODUCTION
Regardless the nature of the channel, water loss by infiltration and
evaporation is inevitable. In large channels, seepage loss can be up
to 80% [TROUT, NEIBLING 1993].
At the upstream end of the channel, the detachment rate is
the highest because the flow is still high and the sediment
concentration is low. The less the fluid is loaded with sediment,
the more its erosive powers are. The detachment rate decreases
along the channel because the its capacity decreases as well. This
detail leads us to think that any project aimed at reducing the
detachment of solid particles must be carried out in the upstream
zone of the channel, which is located in the first quarters, or one
thirds of its length.
Since the works by A. Brahms (1753), R.G. Kennedy (1895),
G. Lacey (1930), E.W. Lane (1953), S. Leliavsky (1955),
Th. Blench (1957) and C.R. Thorne (1998) were published and

up to the present day, the search for stable channels with regard
to erosion has remained relevant.
SMERDON and BEASLEY [1959] for cohesive soils and LANE
[1953; 1955] for coarse soils have confirmed that the shear stress
method is a good approach to studies to find erosion resistant
channels. The scientific community calls these stable channels. In
relation to their broad field of use, the search for stable channels
aimed to define scientific and economic interests.
CHOW [1959] demonstrated that channel erosion is a shear
stress problem that varies along the wetted perimeter of the
channel. Hence, we see that if we want channels to be stable and
efficient, with respect to detachment, we must find means of
reducing shear stress. Our idea is to add a non-prismatic channel
at the entrance of the prismatic channel, which can be convergent
or divergent. The main task of the non-prismatic channel is to
reduce the erosive shear stress responsible for the detachment of
soil particles during free surface flow inside the channels. This
can be done by modifying channel’s geometry.

© 2022. The Authors. Published by Polish Academy of Sciences (PAN) and Institute of Technology and Life Sciences – National Research Institute (ITP – PIB).
This is an open access article under the CC BY-NC-ND license (https://creativecommons.org/licenses/by-nc-nd/3.0/)

88

Non-prismatic channels for reducing shear stress

Although the bibliography includes many examples of
research into the ideal geometric shape of channels, it is
impossible to determine a general and unified approach. The
idea proposed, consisting in reducing shear stress by using nonprismatic channels, is original and no bibliographic references
can be found.

STUDY METHODS
THEORETICAL BASIS
Once sediment is detached, it is transported by the flow for some
distance primarily depending on aggregate size and density, and
the transport capacity of the flow. Sediment is moved both as bed
load and as suspended load. The transport capacity varies along
the channel with the 3/2 power of shear stress. TROUT and
NEIBLING [1993] showed that the net erosion, which is equal to the
detachment minus the deposit, is proportional to the difference
between the sediment transport capacity and the sediment load,
and it decreases as the sediment load increases. In addition, the
carrying capacity of the channel is approached asymptotically
rather than linearly.
Although the erosion capacity decreases along the channel
in a similar fashion to the flow, the net erosion decreases more
rapidly due to the increased sediment load that reaches the
carrying capacity at the point where the residual flow is about
40% of the inlet flow. Beyond this point, which is approximately
in the upper quarter or upper third of the channel, net erosion
ends and net deposition begins [TROUT, NEIBLING 1993].
Channels, without coating, are always more permeable than
those coated by plastic, stones or cement. The degree of
permeability depends on the geometric shape and on the
characteristics of soil in which the channel is buried.
Precisely, because of the permeability, the flow passing
through the initial channel (Qi) is always reduced by one part,
called the infiltrated flow (Qinf) or lost (DQ), before arriving at
the other channel (Sf) located at a distance L (Fig. 1). In other
words:

Fig. 1. Location and geometry of added non-prismatic channels; source:
own elaboration
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Therefore, for the hydraulic (bed) shear stress to decrease, it is
necessary that:

We will have:
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� ÞQi
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So,
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1=3

> 1. With, � = Qi/Qf, P* = Pi/Pf and

�2

S* = Si/Sf, we can write:
P �1=3
>1
S �7=3

�2

ð14Þ

This is the general shear stress reduction equation.
We are going to apply this expression to different geometric
shapes: trapezoid (TPZ), rectangle (REC), triangle (TRG) and
semicircle (CIR).
REDUCTION OF SHEAR STRESS BY GEOMETRICAL SHAPES

To simplify the study and design of channels of a trapezoidal
cross section, slopes of embankments mi = ni = mf = nf = m,
remain constant (Fig. 2).

>1

ð20Þ

Therefore, for the shear stress to decrease, it suffices to check the
last inequality.
Triangular form (TRG)

Just take the established expression for the trapezoid (Eq. 17) and
set ni = mi = vi, nf = mf = vf, bi = bf = 0, β = Qi/Qf, φ = hi/hf and
vi, vf are angles of the curved walls of the triangular channel at the
entrance and exit (Fig. 3), this gives:
�12 �

Trapezoidal form (TPZ)

P�
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ð21Þ

Finally, for the shear stress to decrease, it suffices to check the
above inequality.

Fig. 2. Shape of the general trapezoidal cross-channel; source: own
elaboration

At the entry of the channel:
Pi ¼ bi þ 2hi

pffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 þ m2 and Si ¼ hi bi þ h2i m

ð15Þ

At the exit of the channel:

Circular form (CIR)

pffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Pf ¼ bf þ 2hf 1 þ m2 and Sf ¼ hf bf þ h2f m

ð16Þ

By applying the general shear stress reduction equation (Eq. 14),
we will have:
�
�

2

Fig. 3. Added non-prismatic triangular channel geometry; source: own
elaboration
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ffiffiffiffiffiffiffi2ffiffi
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�7=3
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hf bf þ h2f m

At the entrance to the channel (Fig. 4), we have:
Pi ¼ Ri �i and Si ¼ 0:5R2i ð�i

ð22Þ

At the exit of the channel, we have:
Pf ¼ Rf �f and Sf ¼ 0:5R2f �f

>1

sin�i Þ

sin�f

�
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ð17Þ

With, β = Qi/Qf, S* = Si/Sf and P* = Pi/Pf, we can write:
1=3

�2

P�
>1
S �7=3

ð18Þ

Therefore, for the shear stress to decrease, it suffices to check the
above inequality.
Rectangular form (REC)

Just take the established expression for the trapezoid (Eq. 17) and
set mi = mf = m = 0, this gives:
�
bi þ 2hi
bf þ 2hf

�2 �

hi bi
hf bf

Fig. 4. Flow through a convergent (Contraction, CON) non-prismatic
circular channel (CIR); source: own elaboration

For the same above condition (Eq. 14), we have:

�1=3

�7=3 > 1

ð19Þ

With, β = Qi/Qf, � = bi/bf, P* = Pi/Pf and φ = hi/hf, we can write:
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Mathematically, we can find that:
ð�

From the above expression, to maximise

sin�Þ � 0:1454 � 2:8345

ð25Þ

With correlation coefficient, r = 0.9992.
So, with, � ¼ Qi =Qf ; � ¼ �i =�f and � ¼ Ri =Rf , we can write:
�2

1
>1
�4:333 �6:281

ð26Þ

Then, to reduce the shear stress in circular channels, it is
necessary to check the above inequality.
EFFECTIVENESS IN REDUCING SHEAR STRESS
We introduce the concept of efficiency ( ) which reflects the rate
of reduction of shear stress while passing from a cross channel to
another, over a certain length, under the exclusive effect of a plain
change of its geometry. In other words, the efficiency provides
information on the gain in reducing shear stress, which can be
obtained by adding converging (CON) or diverging (EXP) nonprismatic channels (Fig. 5) at the entry of the prismatic channels
(PRI). This addition, if it proves to be effective in reducing the
shear stress, can be considered as a device for stabilising the soil
with respect to detachment.

minimise

TPZ

we have to

7=3

�
( S2 �1=3 )
� P

A mathematical analysis allows establishing the results below.
7=3

TPZ

¼ max ,

S�
¼ min ,
�2 P �1=3

�

� > 1 ðCONÞ
’ < 1 ðM1; M3; S1; S3Þ

Comment. In trapezoidal channels, the addition of converging
(CON) channels maximises the efficiency of reducing shear stress.
The water surface profile must be of the M1, M3, S1 or S3 type
(Figs. 6–9). However, the M1 and S1 water-surface profile types
are preferred because the differences in water depth between the
inlet and the outlet of the non-prismatic channel are greater than
those that can be obtained with the M3 and S3 water-surface
profile types.
Finally, note that inside a non-prismatic channel, it is
possible to have a change in the water-surface profile, which can
pass from M1 to S1 or from S1 to M1. In other words, inside the
non-prismatic channel, the flow can shift from supercritical
(Fr > 1) to subcritical (Fr < 1) and vice-versa. Indeed, the “S”
water-surface profile type appears as soon as the critical height
(HC) exceeds the normal depth (HN). For the “M” water-surface
profile type, it is exactly the opposite. Since HC and HN are
a function of the length of the non-prismatic section, it is very
likely that there is a critical length (LC) for which HC = HN.
Exceeding LC, HC is no longer greater than HN, but, on the
contrary, HC will become less than HN. To avoid this change of
water-surface profile, it is necessary to have HC > HN all the time
to guarantee an “S” water-surface profile type and HN > HC to
guarantee an “M” water-surface profile type.

Fig. 5. The effect of adding a non-prismatic channel to reduce shear
stress; source: own elaboration

By definition, the efficiency of the reduction of the shear stress is:
¼

�i

�f
�i

�f
�i

¼1

ð27Þ

Fig. 6. Water-surface profile type “S” for prismatic channel; source: own
elaboration

Calculation of the efficiency for the trapezoidal (TPZ) shape

From Equation (27), we have:

TPZ

¼1

pffiffiffiffiffiffiffiffiffiffiffi
bf þ 2hf 1 þ m2

Pf
Sf7

�f
¼ 6 Pi ¼ 1
�i
� S7
i

�7

hf bf þ h2f m
pffiffiffiffiffiffiffiffiffiffiffi
2
� 6 bi þ 2hi 12 þ m7
ðhi bi þ hi mÞ

ð28Þ

R

If mi = mf = m, β = Qi/Qf, P* = Pi/Pf and R�H ¼ RHHi , then:
f

7=3

TPZ

¼1

S�
�2 P �1=3

ð29Þ

Fig. 7. Water-surface profile type “M” for prismatic channel; source: own
elaboration
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Mathematically, critical depth (HC) is obtained after solving
the equation:
qffiffiffiffiffiffiffiffiffiffiffiffiffi
pffiffiffiffi
�1=4
Q2 �2 1 þ I02
B 1 þ I02
�Q
S3
pffiffiffiffiffipffiffi
¼
Fr ¼ 1 , Fr ¼
¼1)
B
g
S3 g

ð30Þ

where: Fr = Froude number, B = top width which is a function of X,
S = wetted surface which is a function of X, � = energy (Coriolis)
coefficient, I0 = longitudinal slope of the channel (bed slope),
Q = flow rate.
Solving the above equation will give the critical depth (HC)
not fixed, but varying with the length of the channel.
To obtain the normal depth (HN), we must solve the Chézy
equation with I = I0:
V ¼

2=3 pffiffiffiffi
I0

RH

n
RH ¼

S 5=2
¼
P

Fig. 8. Water-surface profile type “S” for non-prismatic channel
(Expansion, EXP): a) with change in flow regime, b) without change in
flow regime; source: own elaboration

�

¼

Q
S

ð31Þ

S
P

n2 Q2
I0

ð32Þ

�3=4
ð33Þ

where: n = Manning’s coefficient of the channel’s roughness,
P = wetted perimeter which is a function of X, S = wetted surface
which is a function of X, I0 = longitudinal slope of the channel
(bed slope), Q = flow rate.
Solving the above equation will make normal depth (HN)
not fixed but varying with the length of the channel.
Finally, to have the water-surface profile type S1, it is
necessary that the critical depth (HC) obtained from Equation
(30) is greater than the normal depth (HN) obtained from
Equation (33). In the same way, to have the water-surface profile
type M1, it is necessary that the critical depth (HC) obtained from
Equation (30) is less than the normal depth (HN) obtained from
Equation (33).
Due to infiltration through the channels, � is always greater
than one and this further increases the efficiency.
Calculation of the efficiency for the rectangular (REC) shape

From Equations (27) and (28) and for m = 0, we have:
bf þ 2hf

Pf
REC

S7
�f
¼ 6fPi ¼ 1
�i
� S7

¼1

i

Fig. 9. Water-surface profile type “M” for non-prismatic channel
(Expansion, EXP): a) with change in flow regime, b) without change in
flow regime; source: own elaboration

i i

R

If, β = Qi/Qf , R�H ¼ RHHi , � = bi/bf and ’ = hi/hf, then:
f

REC

This kind of problem was initially discussed by POINCARÉ
[1881] and then developed by MASSÉ [1938].
Before moving onto the calculations, it is important to
remember that the adoption of a flow regime, i.e. supercritical
flow (Fr > 1 and HC > HN) inside the channel, will create an
oblique hydraulic jump.

7

ðhf bf Þ
i
�6 bðihþb 2h
Þ7

¼1

’7=3 �7=3
� 2 P �1=3

From the above expression, to maximise
minimise

ð34Þ

REC

we have to

’7=3 �7=3
1=3 .
�2 P �

A mathematical analysis allows establishing the results
below.
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REC

¼ max ,

’7=3 �7=3
¼ min , � < 1ðEXPÞ
� 2 P �1=3

A mathematical analysis allows establishing the results below.

Comment. The addition of divergent non-prismatic (EXP)
channels maximises the efficiency in reducing shear stresses in
rectangular shaped geometric channels. The water surface profile
(Figs. 6 to 10) is not a decisive parameter. Due to infiltration
through the wetted perimeter of the channels, � is always greater
than one and this further increases the efficiency, but as with the
trapezoidal geometric shape (TPZ), attention should be paid to
oblique jumps.
Calculation of the efficiency for the triangular (TRG) shape

From Equations (14) and (21), we can write, ��fi ¼ � 12

ð1 þ v�2i Þv14f
26
1 þ v2f v14
i ’

From Equation (27) and if, � = vi/vf, β = Qi/Qf and ’ = hi/hf, then
we can deduce that:
�
TRG

¼1

�
1 þ v2f � 14 ’26
�
� 12 1 þ v2i

ð35Þ

From the above expression, to maximise TRG we have to
ð1 þ v2 Þ�14 ’26
minimise �12 1f þ v2
ð
iÞ
A mathematical analysis allows establishing the results below.
�
TRG

¼ max ,

�
�
1 þ v2f � 14 ’26
� < 1 ðEXPÞ
�
¼ min ,
2
12
’ < 1 ðM1; M3; S1; S3Þ
� 1 þ vi

Comment. In triangular channels, the addition of diverging
(EXP) channels maximises the efficiency in reducing shear stress.
The water surface profile must be of the M1, M3, S1 or S3 type
(Figs. 6–10). However, the M1 and S1 water-surface profile types
are preferred because differences in water depth between the inlet
and the outlet, of the non-prismatic channel, are greater than
those that can be obtained with the M3 and S3 water surface
profiles.
Due to infiltration through the channels, � is always greater
than one and this further increases the efficiency. We should
point out that the use of the triangular shape is not recommended
because the construction of non-prismatic sections, converging or
diverging, is very difficult because sidewalls that are initially
rectilinear become curved walls (Fig. 3).
Calculation of the efficiency for the circular (CIR) shape

From Equations (24) and (27), we have:

CIR

¼1

Pf
Sf7

�f
¼ 6 Pi ¼ 1
�i
� S7
i

�
0:5R2f

�6

ðRi �i Þ
7

sin�i Þ�

If, β = Qi/Qf, � = qi/qf and � = Ri/Rf, we can write:
CIR

¼1

�4:333 �6:281
�2

From the above expression, to maximise
minimise

�4:333 �6:281
.
�2

ð36Þ

CIR

¼ max ,

�4:333 �6:281
¼ min ,
�2

8
�
>
< � > 1 ðCONÞ , � > 1 ðM1; M3; S1; S3Þ
� < 1 ðM2; S2Þ
:
>
:
� < 1 ðEXPÞ , � > 1 ðM1; M3; S1; S3Þ

Comment. In circular channels, the addition of converging
(� > 1) or diverging (� < 1) channels maximises the efficiency in
reducing shear stress. To decide which of the two is more
effective, we have to perform laboratory experiments.
However, the M1 and S1 water-surface profile types are
preferred because differences in water depth between the inlet
and the outlet, of the non-prismatic channel, are greater than
those that can be obtained with the M3 and S3 water surface
profiles (see commentary of section “Efficiency in the case of the
trapeze (TPZ)” for the justification). Due to infiltration through
the channels, b is always greater than one and this further
increases the efficiency.
INFLUENCE OF CHANNEL GEOMETRY ON EFFICIENCY
It is interesting to know which of the four geometric shapes of the
non-prismatic channels is the most efficient in reducing shear stress
responsible for sediment detachment and transport problems.
To be able to make comparisons, between various
geometrical forms, as regards the best reduction of shear stress,
the laws of similarity of flows with free surface and sediment
transport are used [DEY 2014; ETTEMA et al. (eds.) 2000; HADDAD,
BOUHADEF 2019; HENDERSON 1966; PUGH 1985; YALIN 1971].
The study of the laws of similarity, by the application of the
above conditions, made it possible to obtain the following
equivalence scale:
KS49 ¼ KP10 KB4

ð37Þ

This equivalence scale shows that the scale of the wetted area (KS)
to the power of forty-nine is equal to the scale of the wetted
perimeter (KP) to the power of ten multiplied by the scale of the
upper width of the channels (KB) to the power of four.
This scale allows the passage from one geometric shape to
another while respecting the laws of similarity. This scale is very
interesting because it allows to compare all the geometric shapes
in terms of their efficiency in reducing shear stress and thus to
determine the best shape.

RESULTS AND DISCUSSION

ðRf �f Þ
�7
ð�f sin�f Þ

½0:5R2i ð�i

CIR

we have to

Based on the theoretical study, we can make the following
remarks:
– in trapezoidal prismatic channels, to increase efficiency we add
only non-prismatic converging channels (CON) and the water
surface profile should be M1 with H N > HC or S1 with
HC > HN; for this last choice, one should pay attention to the
oblique jumps that will appear;
– for rectangular prismatic channels, to increase efficiency we
need to add non-prismatic divergent channels (EXP); the water
surface profile is not a decisive parameter;
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– in triangular prismatic channels, the addition of non-prismatic
diverging channels increases the efficiency and the water surface profile should be M1 with HN > HC or S1 with HC > HN;
for this last choice, one should pay attention to the oblique
jumps that will appear;
– in circular channels, the addition of converging (� > 1) or
diverging (� < 1) channels maximises the efficiency of reducing
shear stress; to decide which of the two is more effective,
we have perform laboratory experiments.
As said previously, we must always favour the water-surface
profile type M1 instead of M3 and S1 instead of S3. For this last
choice, one should pay attention to the oblique jump that will
appear.
All results of the efficiency study are given in Table 1.
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This approach is a purely theoretical one. We think that it is
essential to carry out experiments in order to validate the
proposed method.
Before concluding, it is worth pointing out that we have
already shown that the geometric shape of the prismatic channel
strongly influences the dynamics of sediments. On this basis and
with the proposed new approach, we believe that the combination
of the two will further reduce soil erosion. In other words, to reduce
soil erosion of channels, one can choose the geometric shape of
a prismatic channel added at its entrance; we can add a nonprismatic channel of geometric shape similar to those of prismatic
ones. With an appropriate choice of the water-surface profile,
which depends on the subcritical or supercritical flow regime, we
believe that the efficiency in reducing shear stress can be better.

Table 1. Summary of the results of the efficiency study
Shape
Geometrical form

Contraction (CON)
M1

M2

M3

S1

S2

S3

Rectangle (REC)

X

X

X

X

X

X

Triangle (TRG)

X

X

X

X

Trapeze (TPZ)

Circle (CIR)

M1

M2

X

X

M3

S1

Expansion (EXP)
S2

S3

X

X

X

X

Source: own study.

The Table 1 summarises all possibilities to improve the
reduction of shear stress that depends on the geometric shape of
the non-prismatic channel and the type of water-surface profile:
– for a trapezoidal channel (TPZ), you need a converging nonprismatic channel; the water-surface profile will be M1 and S1
type;
– for a rectangular channel (REC), you need a divergent nonprismatic channel; all types of water-surface profiles are possible;
– for a triangular channel (TRG), a divergent non-prismatic
channel is needed; the water-surface profile will be M1 and
S1 type;
– for a circular channel (CIR), you need a converging non-prismatic channel and water-surface profile will be M1, M2, S1 and
S2 type; a divergent non-prismatic channel with M1 and S1
water-surface profile type further improves the efficiency.

CONCLUSIONS
In conclusion, it is believed that the proposed idea, which consists
in adding a non-prismatic channel, contraction or expansion, at
the entry of prismatic channels, is an interesting way to reduce
shear stress responsible for soil detachment. In addition, we have
shown that the efficiency in reducing shear stress is a function of
water-surface profiles and the geometry of channels.
Finally, we have set up an equivalence scale, which makes it
possible to compare the efficiency obtained by each type of nonprismatic channel geometry and to predict efficiencies for other
soil, slope and flow cases without having to repeat the experiment.
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NOTATIONS
V (m∙s–1)
Index i
Index f
� (N∙m–2)
� (kg∙m–3)
I (%)
I0 (%)
n (s∙m–1/3)
B (m)
b (m)
S (m2)
P (m)
RH (m) = S/P
g (m∙s–2)
Q (m3∙s–1)
Qinf = ∆Q (m3∙s–1)
C0
L (m)
�
� = Qi/Qf

average water velocity
entrance (entry channel)
exit (outlet channel)
shear stress
density of water
energy slope
bed slope
Manning roughness coefficient
width of the channel at the level of the free
surface (top width)
width of the channel at the base (bed width)
wetted area
wetted perimeter
hydraulic radius
gravitational acceleration
discharge
infiltration flow through the walls and the
base of the channel
experimental coefficient which depends on
the type of soil
length of the channel from the inlet
(entrance) and the outlet (exit)
energy coefficient = Coriolis coefficient
ratio of discharges
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� = qi/qf
= 1 – tf/ti
φ = hi/hf
� = Ri/Rf
if � < 1
if � = 1
if � > 1
� = vi/vf
if � < 1
if � = 1
if � > 1
� = bi/bf
if � < 1
if � = 1
if � > 1
pffiffiffi
1=4
Bð1þI02 Þ �Q
pffiffiffiffipffiffi
Fr ¼
3
S g

ratio of angles of water depth in a semicircular channel
efficiency
ratio of water depth
ratio of radius in semicircular channel
expansion circular channel (EXP)
prismatic circular channel (PRI)
contraction circular channel (CON)
ratio of wall angles in triangular channel
expansion triangular channel (EXP)
prismatic triangular channel (PRI)
contraction triangular channel (CON)
ratio of bed widths
expansion rectangular and trapezoidal
channel (EXP)
prismatic rectangular and trapezoidal channel
(PRI)
contraction rectangular and trapezoidal
channel (CON)
Froude number
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