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Abstract 

In wastewater treatment plants, large pumps are often used to accommodate unknown hydraulic properties of solid-water 

mixture flow. The use of large pumps translates into higher purchasing and operating costs. Wastewater mixture is pumped 

with solids of different types and concentrations through pipelines. The design of these ducts is mainly based on the hydraulic 

laws of solid-water mixture which is represented by a corrected friction coefficient corresponding to the concentration of 

solids in water. This paper experimentally studies hydraulic properties of solid-water mixtures in pipelines by the varying 

Froude number (Fr), which represents the velocity mixture, solid concentration, pipeline diameter and pipeline material type-

roughness coefficient. The experiments have been conducted in the wastewater treatment plant where six solid concentrations 

can be found ranging from 2 to 12% by weight. The pipe diameter ranges between 100 to 300 mm. It has been found that 

both the friction coefficient and the hydraulic gradient ameliorate with the increase of the pipeline roughness and the solids 

concentration in the water mixture, whereas the Fr drop with the diameter of the pipeline. The results are translated into 

curves and equations to predict the corrected pipeline friction coefficient and the hydraulic gradient of the solid-water mixture 

flow through horizontal pipelines at various solids concentrations, roughness and diameters. 

Key words: deposit limit velocity, hydraulic gradient, hydraulic losses, slurry flow, solid concentrations, suspended solids, 

wastewater 

INTRODUCTION 

Since water plays a cardinal role in our life, wastewater 

is directed to treatment plants to remove nutrients, reduce 

chemical oxygen demand and solids before it is released 

back into the environment [KAJJUMBA et al. 2018; 2019]. 

The flow characteristics of pure liquids are mathematically 

described and experimentally verified. However, studies of 

the flow characteristics of the solid-liquid mixture are very 

scarce and limited in the literature. The complex nature of 

solid-liquid mixtures is extremely difficult to predict even 

with the use of the solid-liquid mixture software [KIM et al. 

2008; MIRMASOUMI, BEHZADMEHR 2012]. To understand 

factors that influence the solid-liquid mixture, empirical 

examination is necessary. One of the fundamental parame-

ters that influences the flow of water infused with solid par-

ticles is the hydraulic gradient (i). The hydraulic gradient 

indicates changes in the inclination of water pipe or a con-

duit used to convey the mixture. Because of its complexity, 

different approaches have been applied to measure the i in 

different setups. 

In subsurface flow of water, conductivity and porosity 

of solid particles can be used to estimate the i. Changes in 

conductivity and porosity can be translated into head loss. 

KLØVE et al. [2005], applied this technique to estimate the i 

of the surface flow. The authors have used subsurface flow 

filters to estimate the residence of a tracer. Using the 

probability density fuction, they have been able to provide 
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a 3-D model of conductivity and porosity. The model has 

been used to estimate the i. Such a model is limited to 

a tracer and is suitable for subsurface measurements. KIM et 

al. [2008] and OSRA [2020] studied the changes in the i 

using the Reynolds number. When the critical velocity is 

lower than the mean velocity, square pipes provide a higer i 

than circular pipes [KIM et al. 2008]. Thus, during sand 

transportaion at low velocity, sqaure ducts offer less 

resistance compared to circular pipes. Pipe inclinations have 

a significant effect on the i of solid-liquid mixture; the lower 

the inclination, the lower the i [OSRA 2020]. 

To understand the relationship between solid-liquid 

mixture and the i, prediction equations have been devel-

oped. ELTOUKHY et al. [2018] developed an equation to de-

termine the i of sludge-water at the varying Reynolds num-

ber (Re) and volumetric loading. The i is mainly influenced 

by duct diameter and Re. The i loss is proportional to the 

Re, while it is inversely proportional to pipe dimeter 

[ELTOUKHY et al. 2018]. MATOUŠEK [2009] studied the ef-

fect of deposition within a pipe on the i. In the study, pres-

sure drop equation in a 100–150 mm pipe diameter has been 

estimated; the equation predicts the behaviour of the i with 

a ±25% variation. In a two-phase helical flow of slurry, the 

rotation of slurry improves the drop of the i [HAN et al. 

2008]. A higher slurry concentration (5.0%) improves the 

flow compared to low concentrations of less than 1.0%. This 

is because the concentration ameliorates specific gravity and 

viscosity providing a inform shear force in the fluid. Such 

observations make it hard to forecast the behaviour of the 

solid-liquid mixture, especially when there is a high varia-

tion in slurry like in wastewater treatment plants. 

In wastewater treatment plants, pumping systems are 

among the highest energy demand sections. Thus, the op-

timization of the pumping system is always an ultimate goal 

during the designing of a treatment plant. To achieve this, 

sludge characterization is essential to understand the nature 

of a solid-liquid mixture [ESHTIAGHI et al. 2013; SLATTER 

2003; 2008]. The main challenge of sludge pumping is re-

lated to sludge concentration. SLATTER [2008] developed a 

transitional equation using a viscos-plastic fluid with a two-

layer model to estimate the behaviour of sludge. In a similar 

study to estimate the behaviour of concentrated slurry, Her-

schel–Bulkley equation was applied [REMAÎTRE et al. 

2005]. The authors found that the flow of debris is influ-

enced by the grain size distribution. Although such rheolog-

ical models can offer a good prediction of slurry behaviour, 

their practical application is limited. Temporary changes in 

the slurry can lead to a major error in the model. Changes in 

slurry source, flow, and composition have a potent effect on 

linear and nonlinear regression of the Herschel–Bulkley 

equation [FARNO et al. 2018; JIN et al. 2003; MAHMOUD et 

al. 2004; RATKOVICH et al. 2013]. 

There are two fundamental challenges for designing of 

a pumping system in a wastewater treatment plant. Firstly, 

the changes in pressure result in a change of sludge. During 

the treatment plant operation, sludge characteristics keep on 

changing depending on effluent and sludge dewatering sys-

tems. Secondly, in most cases, sludge may not obey the 

Newtonian behaviour making rheological data the only ap-

proach to estimate the behaviour. However, such data may 

not be available [FARNO et al. 2015; SLATTER 1997; 2008]. 

Therefore, there is a need for determining a reliable pressure 

drop within the system. Such a task is extremely difficult 

because the estimating of a pressure drop requires at least 

two rheological variables besides viscosity alone [MALKIN 

et al. 2004]. 

The curvilinear behaviour of wastewater sludge, also 

known as viscoelastic material has been studied using Bing-

ham plastic model (BPM), Herschel–Bulkley model, and 

modified Herschel–Bulkley. The former model is based on 

two variables. Thus, the linear curve regression fitting is easy 

and straight forward. Although the BPM is easy to use, it is 

subject to major errors due to intermediate and extreme shear 

forces, like those encountered in sludge management 

[BAUDEZ et al. 2013]. Also, the Herschel–Bulkley model is 

not suitable at high shear forces, since it underestimates shear 

forces. Additionally, the exponential parameter in the model 

makes linear fitting almost impossible and underrates shear 

forces at extreme ends. The introduction of the third parame-

ter in the modified Herschel–Bulkley model can overcome 

this challenge. However, the third variable creates ambiguity 

in the model making the i calculation difficult [BAUDEZ et al. 

2013; FARNO et al. 2015; WANG et al. 2019; ZHANG et al. 

2018]. Equations (1)–(3) elicit the following model variables. 

Bingham plastic model: 

 𝜏 =  𝜏𝐵 + 𝑘𝛾 (1) 

Herschel–Bulkley model: 

 𝜏 =  𝜏𝐻 + 𝑘𝛾𝑛 (2) 

Modified Herschel–Bulkley model: 

 𝜏 =  𝜏𝐻 + 𝑘𝛾𝑛 + 𝛼𝛾  (3) 

where: τ = shear pressure (Pa); γ = shear rate governed by 

the flow velocity per a cross section distance; τB, τH, k, n, and 

α = a parameter adjusting to the model. 

The presence of large particles in sludge makes it nec-

essary to use BPM and Herschel–Bulkley models. To over-

come the BPM, and Herschel–Bulkley challenges, this study 

has employed the Buckingham-π-theorem. The Bucking-

ham model can be used to predict the behaviour of slurry 

under a non-Newtonian flow regime [GROZDEK et al. 2009]. 

In this paper, experimental runs were conducted in a waste-

water treatment plant using wide range of solid concentra-

tions, and pipeline diameters and roughness, to estimate 

general curves and equations that help to predict the pipeline 

corrected friction coefficient and hydraulic gradient as 

a function of the solid concentration. 

METHODS  

EXPERIMENTAL SETUP  

In the experimental runs, six solid concentrations of 2, 

4, 6, 8, 10, and 12% (weight by weight) from a wastewater 

treatment plant were investigated. Slurry was collected  

from the Abou Tig wastewater treatment plant, Assiut Gov-

ernorate, Egypt. Pure water was used as a control. The di-

ameter of the pipe tested ranged from 100 to 300 mm, as  
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Table 1. Experimental matrix used in this study 

Pipe diameter 

d (mm) 

Pipe roughness  

ɛ (mm) 
Solid concentration C 

100 
estimating pipeline 

roughness (5 runs) 
0 

100 
0.01, 0.012, 0.015, 

0.02, 0.03 
0, 2, 4, 6, 8, 10, and 12% by 
weight 

150 0.01 
0, 2, 4, 6, 8, 10, and 12% by 

weight 

200 0.01 
0, 2, 4, 6, 8, 10, and 12% by 

weight 

250 0.01 
0, 2, 4, 6, 8, 10, and 12% by 
weight 

300 0.01 
0, 2, 4, 6, 8, 10, and 12% by 

weight 

Source: own elaboration. 

shown in Table 1. Pipes on which head loss was determined 

were of 2.0 m. 

Head loss estimation offers a faster and reliable ap-

proach to comparing the effect of different variables. Upon 

establishing the critical velocity of sludge, the solid-liquid 

mixture is then operated at a point higher than the critical 

velocity to avoid the settling of particles. Table 1 shows the 

experimental setup. 

The following procedures were used in the experiments: 

− for each pipe diameter, two pressure gauges were in-

stalled 2.0 m apart from each other, 

− sludge mixture was pumped into the pipe at a speed 

greater than the settling velocity, 

− at a given sludge mixture, the reading of the gauge was 

recorded, 

− Buckingham theorem was used to establish the curve 

equations that can be used to predict the i at different con-

centrations, duct diameters and roughness. 

HYDRAULIC GRADIENT i 

The hydraulic gradient i in a duct depends on rough-

ness ε, velocity v, diameter of the pipe d, and gravity g, as 

shown in Equation (4). 

 i = F(ε, v, d, g)  (4) 

Applying dimension analysis, the 𝑖 can be elicited using 

Equation (5). 

 
(𝑃1−𝑃2) 𝑑

1

2 
 𝜌 𝑣2 𝐿

= 𝐹 [
𝑣

√𝑔 𝑑
,

𝜀

𝑑
] (5) 

where: P1 and P2 = the pressure at point 1 and 2, respectively; 

L = the length of the pipe; ρ = density.  

From Equation (5), the first part of the function repres-

ents Froude number (Fr) while the second portion shows sur-

face roughness. For wastewater sludge slurry, sludge concen-

tration, which is another parameter influencing the i, can be 

added (Eq. 6). 

 
(𝑃1−𝑃2) 𝑑

1

2 
 𝜌 𝑣2 𝐿

= 𝐹 [
𝑣

√𝑔 𝑑
,

𝜀

𝑑
, 𝐶] (6) 

To determine the effect of non-dimensional variables on 

the i friction factor f is plotted against Fr at a given duct  

diameter and sludge concentration. 

 𝑓 =
(𝑃1−𝑃2) 𝜋2 𝑔 𝑑5 

8 𝑄2𝐿
 (7) 

where: Q = sludge flowrate. 

 Re =
𝜌𝑣𝑑

𝜇
 (8) 

where: Re = Reynolds number; ρ = density, v = velocity;  

d = diameter of the pipe; μ = dynamic viscosity. 

RESULTS AND DISCUSSION 

ESTIMATING THE PIPELINE ROUGHNESS ɛ 

Five experimental runs were carried out to estimate ɛ at 

different pipeline diameters. The discharge Q was pumped 

through the pipeline and pressure levels at the two points 

(1.0 m apart) were recorded. The pipeline friction coeffi-

cient f was calculated with Equation (7) and the Moody chart 

that relates Re and pipeline roughness ɛ. Re was estimated 

using Equation (8). The estimated values of pipeline rough-

ness for different pipeline types are listed in Table 1. 

PIPELINE CORRECTED FRICTION COEFFICIENT f 

The Abou Tig wastewater treatment plant is a high-den-

sity sludge processing facility. Based on preliminary stud-

ies, the sludge does not obey the Newtonian flow. This 

shows the complexity of designing a pumping system for 

the expansion of the plant. Rheological variables have been 

used to estimate f and i estimation curves. Figure 1 shows 

changes in the friction coefficient and Froude number (Fr) 

at different pipe diameters; as Fr plummeted, f soared. For 

example, at duct diameter of 100 mm and 8% sludge con-

centration, an increase of Fr from 1.0 to 2.0 (100%) has been 

recorded together with a drop of the friction coefficient from 

0.10 to 0.03 (97%). However, f has increased with sludge 

concentration. The duct diameter of 100 mm and Fr = 1.5, 

increases the sludge intensity from 2 to 4%, ameliorates f 

from 0.02 to almost 0.03. 

HYDRAULIC GRADIENT 

The hydraulic gradient i has been estimated based on 

experimental data collected at different solid intensity and 

duct diameters. Critical head loss and reduced velocity have 

been assessed at different sludge intensity ranging from 2 to 

12%. Elevated temperatures affect the hydraulic gradient; 

however, this effect has not been considered in this study. 

The hydraulic gradient has a direct relation with the Fr and 

the quantity of solids in the liquid mixture as shown in Fig-

ure 2. For example, for the solid concentration of 8% and 

duct diameter of 150 mm, a change of Fr from 0.746 to 

1.212 increases the i from 0.0297 to 0.0359; 62.47% in-

crease in Fr leads to increases in the hydraulic gradient by 

21.02%. At 200 mm pipe diameter, a 100% increase in solid 

concentration (from 6 to 12%) has been recorded together 

with an increased hydraulic gradient by 66.67% (0.016665– 

0.027775). Table 2 summarizes the corrected pipeline fric-

tion coefficient and hydraulic gradient equations with vary-

ing Froude number and solid concentrations. 
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Table 2. Curve fitting of solid-water coefficient and hydraulic  

gradient 

Diameter 

(mm) 

Corrected friction  

coefficient 
Hydraulic gradient i  

100 1.851Fr + 0.358C – 0.007 2.3282Fr + 0.45C – 0.017 

150 0.3666Fr + 0.288C – 0.006 0.232Fr + 0.29C – 0.016 

200 0.232Fr + 0.147C – 0.007 0.246Fr + 0.156C – 0.0084 

250 0.0511Fr + 0.121C – 0.0035 0.0455Fr + 0.1072C – 0.001 

300 0.068Fr + 0.057C – 0.004 0.798Fr + 0.0667C – 0.0077 

Source: own study. 

THE EFFECT OF THE PIPELINE DIAMETER 

The effect of the pipe diameter on the f and i is shown 

in Figure 3A. It has been found that the increase in f and 

pipe roughness, and ɛ has been proportional to the duct di-

ameter. Figure 3A reveals similar trends for all the curves; 

f abated as Fr ameliorated. While the i increased as Fr in-

creased (Fig. 3B), the i has been inversely proportional to 

the increase in the pipe diameter. Changing duct diameter 

from 150 to 250 mm at Froude number of 0.7461 and solid 

concentration of 8% leads to a decrease in a hydraulic  
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Fig. 1. Corrected pipeline friction coeffi-

cient f with Froude number for different 

solid concentrations at pipe diameters of: 

A) 100 mm, B) 150 mm, C) 200 mm,  

D) 250 mm, E) 300 mm; source: own 

study 

Fig. 2. Hydraulic gradient for different flow 

velocities and solid concentrations, and pipe 

diameters of: A) 100 mm, B) 150 mm,  

C) 200 mm, D) 250 mm, E) 300 mm; source: 

own study 
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Fig. 3. (A) Variation of corrected friction coefficient f  

with Froude number for different pipe diameters (B) hydraulic 

gradient variation with Froude number for the pipeline diameter 

of 100 mm and the solid concentration of 8%;  

source: own study 

 

Fig. 4. Hydraulic gradient for different pipeline diameter,  

roughness, solid concentrations, and solid water mixture  

discharge; source: own study 

gradient from 0.025974 to 0.016586, and the corrected fric-

tion coefficient decreases from 0.093321 to 0.054495. Thus, 

a 66.67% increase in the pipe diameter resulted in a 36.14% 

and 41.61% decrease in the hydraulic gradient and corrected 

friction coefficient, respectively. 

GENERAL HYDRAULIC GRADIENT (HG) EQUATION 

Combining all the findings and Buckingham's theorem 

(Tab. 2), general equations to predict hydraulic gradient for 

a given sludge concentration and pipe diameter have been 

developed (Eqs. 9 and 10). The equations are governed by 

sludge concentration Fr and duct diameter. Figure 4 shows 

the testing of the equations; the equations yielded a perfect 

correlation with R2 > 0.95. 

 𝑓 =  0.8724Fr +  0.2302𝐶 –  0.0077  (9) 

 𝐻𝐺 = 0.89162Fr + 0.2353𝐶 − 0.033
𝜀

𝑑
+ 0.001 (10) 

CONCLUSIONS 

The purpose of this paper is to analyse the combined 

effect of solid concentration, pipe diameter and roughness 

on the hydraulic gradient variation. Based on the results, the 

following conclusions have been drawn. 

1. Duct friction coefficient ameliorates as the solid in-

tensity C increases. 

2. The hydraulic gradient i is directly related to sludge 

amount in the liquid. 

3. An increase in the pipeline diameter increases the 

corrected pipeline friction coefficient. 

4. The hydraulic gradient is inversely proportional to 

the pipeline diameter. 

5. Equation (4) can be used to predict the solid water 

mixture hydraulic gradient for a given solid concentration t 

mixture discharge, pipeline diameter, and roughness. 
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